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Applications of the hairy ball theorem to the geometrical optics are discussed. When the ideal mirror,
topologically equivalent to a sphere, is illuminated at every point, the ‘‘hairy ball theorem” prescribes
the existence of at least one point at which the incident light will be normally reflected. For the more
general case of the surface, topologically equivalent to a sphere, which is both reflecting and refracting
the ‘‘hairy ball theorem” predicts the existence of at least one point, at which the incident light will be
normally reflected and also normally refracted.
 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).Introduction
The hairy ball theorem (HBT) of algebraic topology states that
there is no non-vanishing continuous tangent vector field on
even-dimensional n-spheres [1,2]. The simpler (and less general)
wording of this theorem states that any continuous tangent vector
field on the sphere must have at least one point where the field is
zero. The witty exemplification of this remarkable topological the-
oremmay be formulated in a following way: ‘‘if a sphere is covered
in hair and we try to smoothly brush those hairs to make them all
lie flat, we will always leave behind at least one hair standing up
straight or a hole” [3].
HBT was applied successfully for the diversity of physical prob-
lems [4–7]. We demonstrate the interrelation of HBT and the geo-
metrical optics.
Results and discussion
Consider first the reflecting object, topologically equivalent to a
sphere, illuminated by a point source as depicted in Fig. 1A. We
consider the case when the approximation of geometrical optics
is applicable. The reflected light propagates in the direction defined
by the unit vector n^r . The unit vector n^r may be decomposed into
two orthogonal vectors ~nn and ~ns, located in the plane of the light
incidence, where the vectors~nn and~ns are correspondingly normal
and tangential to the surface. Now consider the reflecting object
(mirror), topologically equivalent to a sphere, completely illumi-nated, i.e. every point on the surface of the object is illuminated:
it should be stressed that the distribution of the intensity of the
non-zero incident light along the surface does not matter, and
our object may be illuminated by a number of sources, as shown
in Fig. 1B. In general, the sources may be not necessarily point
ones, but extended.
The procedure of the decomposition of the unit vectors n^ri
defining the direction of the propagation of the reflected beam,
shown in Fig. 1A, will give rise to the continuous tangent vector
field ~nsi defined on the whole surface of the sphere, as shown in
Fig. 1B. Thus, HBT states that there exists at least one point at
which ~nsi ¼ 0 takes place; in other words the beam reflected from
this point will return to the source.
The same is true for the convex surface topologically equivalent
to the sphere illuminated from within, as shown in Fig. 1C. There
will exist at least one point on the surface from which the reflected
beam will return to the source. It means that at this point light is
reflected normally and the incident beam will be returned to the
source. In the case of the illuminated ball these points may be
easily identified (points O, O1 in Fig. 1B), and the situation looks
trivial. However, for any reflecting object (mirror) topologically
equivalent to a sphere, depicted in Fig. 2, HBT also predicts the
existence of at least one point at which the incident light will be
normally reflected (~ns ¼ 0).
Actually, this effect is well-known to professional and amateur
photographers, giving rise to inevitable flecks generated by reflect-
ing objects as depicted in Fig. 3A and B. Fig. 3C and D also depicts
images of camera, seen at the spherical and ellipsoid surfaces,
illuminated by a flash light, obtained due to inevitable return of
beams reflected normally from these surfaces, as discussed above.
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Fig. 1. A. Decomposition of the vector n^r representing the beam reflected from the
curved surface. B. Reflecting object, topologically equivalent to a sphere, completely
illuminated by two extended sources.
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Fig. 1C. The reflecting surface topologically equivalent to the sphere illuminated
from within by the point source.
Fig. 2. The vector field ~ns defined on the surface of the reflecting object,
topologically equivalent to a sphere, completely illuminated by two extended
sources.
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Fig. 3. A and B. Flecks observed under illumination of metallic spherical (A) and
ellipsoidal objects. C and D. HBT provides inevitable return of the beams reflected
normally from the spherically equivalent objects to the source. Images of camera
are seen on the surfaces of spherical C and ellipsoidal metallic bodies illuminated
with a flash light.
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Euler characteristic v ¼ 2, and objects topologically equivalent to
a torus (v ¼ 0) is schematically shown in Supplementary Fig. 4.
Wepropose todeformcontinuously theball completely illuminated,
as depicted in Supplementary Fig. 4. It is recognized that the normal
reflection is kept until the body keeps in continuity. The fleck
disappears when the body loses its continuity, and the body is con-
verted into the ‘‘drilled” object topologically equivalent to a torus.
It should be emphasized that obviously the illuminated torus
also may give rise to numerous normal reflections (‘‘flecks”),
depending on the spatial location of the light sources. Thus flecks
do not necessarily result from the topological properties of the illu-
minated surface. The statement formulated in the presented
manuscript argues that normal reflections are inevitable when
the ideal mirror, topologically equivalent to a sphere, is illumi-
nated at every point.
HBT supplies useful results for the general case of the surface,
which is both reflecting and refracting. In this situation two tan-gential fields ~ns1 and ~ns2 are generated correspondingly by the
reflected and refracted beams as shown in Supplementary Fig. 5.
If the body, topologically equivalent to a sphere, is completely illu-
minated, HBT takes place for both of these fields. It means that
there exists at least one point, at which ~ns1 ¼ 0 (light is reflected
normally to the surface) and at the same point we have ~ns2 ¼ 0
(light is refracted normally to the surface [8]). The same will be
true for the surface, topologically equivalent to a sphere, which is
both reflecting and refracting, when it is illuminated from within.
The discussed corollary of HBT has a potential for design of anten-
nas and electromagnetic wave sources.
Summary
The topological ‘‘hairy ball theorem” is useful for the analysis of
the problems of the geometrical optics. When the reflecting body,
topologically equivalent to a sphere, is completely illuminated
with light, HBT states that there exists at least one point at which
the incident light will be normally reflected. HBT is responsible for
flecks usual for imaging of reflecting objects. For the general case of
the surface, topologically equivalent to a sphere, which is both
reflecting and refracting, HBT predicts the existence of at least
one point, at which the incident light will be normally reflected
and normally refracted.
Appendix A. Supplementary data
Supplementary data associated with this article can be found, in
the online version, at http://dx.doi.org/10.1016/j.rinp.2015.11.009.
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